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Outline

= Machine learning in condensed matter

» |nformation-theoretic approach to real-space RG:
= The Real Space Mutual Information algorithm
= Numerical results

= Optimality of the RSMI prescription
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The punchline

An information-theoretic approach and an unsupervised
machine learning algorithm performing real-space RG of
classical stat. mech. systems. Optimality results.
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Renormalization Group SN H®
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= Conceptually important: formalizes M R
the notion of separation of scales .? -%f’ %A
: : e L7 b fixed point A
= Universality S
= Many flavors exist: Wilsonian, oF e
. fixed poin 1
DMRG, real-space, .... bl i |\
foed poant B \

Leitmotiv: integrate out some ‘fast’
degrees of freedom to obtain
effective theory of the 'slow’ ones




In a sense the relation of RG to information theory is obvious as
averaging loses information

= Can it be formalized?

= |s it useful in practice?



Real-space RG from Information Theory perspective

Ze PA(X'|X)

Task: Learn P, (HIV)
such that ‘H tracks the

slow degrees of freedom
within region V

A = (ai,bj, X))

Method: Require that slow degrees of freedom maximize
spatial mutual information

Formally: find max|/, (H :£)] over parameters A ;



H(Y)

Mutual Information

H(X.Y)

A(H:E) = Zpﬂ £, H}lﬁh( Py(E,H) )

Py(H)P(E)

= Vanishes for independent variables
= Bounded from above by information entropy
= More general than correlation functions

INH:E)=H(H) — H(HI|E)




(Restricted) Boltzmann Machines

* Stochastic networks o
visible

* Model probability
distributions

* Can be used for hidden
efficient sampling

E-E} = Eﬂ!b1{}(v, H:l — = Za vy — Z] [li"r fit‘-‘,' - le 'i-":'H'rL;.l' fitm-‘,'

= l —E. v eV H)
_Z
Po(H|V)

* How to chose the parameters?



Stage I. - Train HEMS to replrmduce Po(V, H) = lE—Eu_b_H{u,H}
P(V.E) and P(V) via contrastive Z
divergence

H}':-\.It-ru: lattice,
Hamiltonian H
|:|IJI.'-IL"'|-I|:|:"'|' f"'[.r]]

|

Ansatz for RG
rule Fy (M|
RG rule optimization

Stage Il. - Model Py(H | V) as an
RBM, obtain Py(H,E), do SGD to —

maximize [(H:E) (involves Monte Chice of | __| Mutual Informa-
parameters A tioxn In(M - E)
Carlo) |
| Renorma lized

MEASIERe P[Jt‘]
[Lﬂ.ﬁtﬂ'&ti'n.'q‘! Hamil-
toban H.-| |
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the 2D Ising model

Test case 1:



RG flow and critical exponents

Ferromagnet Paramagnet
L 1.

= RG flow reconstruction

» Position and type of

critical points

TITHLL

» Critical exponents

T/T.
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Test case 2: the dimer model
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[ ] ! | ;= = Defined by local constraints
|1 : | .= « Partition function counts
ol e ! configurations
— l t l

W
RG of dimer model: ‘Eg-*‘:i--ﬂ--pl 0> 140 14
mapping to height field h(x) L5 E_j'f._ 5 '3"..__!_&._ 2 -
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= Let’s add noise! | |
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= Physically irrelevant, P et e g i“ i‘-.
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Optimality of the RSMI approach

IAH:E)<I(V:€) D:lz—é—:l:u
= Assume first perfect RSMI capture ‘ ' ‘

The range of the

P(Hj<2, 5, Hj>2) = P(Hj<—2.H5) P(H5, Hj>2) =@ Hamiltonian does not
increase!

BUT: Realistically, this
assumption is rarely true
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Optimality: 1D Ising model

ﬁ

Pa(M|V)

= Effective Hamiltonian: :
K'[X'] = log(Za o[ X + ) %m [X] ‘ | ' |
k=0

¥

= The "rangeness” and "n-body-ness’

a1, 7, K10 far K = 1,1

WG e K =01, Le =1 | A VK1 Tor K = 1

=10 =5 il 5 10
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(A1.Az) = Alcos{d) sin(f)), K =01, Ls =1
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The “shape” of coarse-grained variables

1
= The hidden couples to: V,, = IIJ'i-II Zkfjﬂ; 'I'Ii_iﬁm
i F |

INH:E)SI(VpA:E)SI(V:E)

[ X I 1
1 1.5
1.0} = 1.0t
P | A PR | P S
i 0.5 LA 1.5 ] 7.5 4.0 . 1 2 2 3
My I
= Aw A0 Aom A1 1) T (M E) o (W E

IN(H:E) =I(Va: E) = I(Vr : E|H)
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= Binary Network training
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= Quantum ML ity ]

Mark H. Fisher Sebastian D. Huber
(ETH/UnI. Zurich) (ETH)

= Quantum state modeling with non-

Markovian noise b

o
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Conclusions

= Information-theoretic view of RG
=« The Real Space Mutual Information algorithm

= Optimality of the RSMI prescription

nature
physics

[FEG1.1 1 WK 1] for B = 0.4

Lenggenhager, Ringel, Huber, MKJ, MKJ and Z. Ringel
arXiv:1809.09632 Nature Physics 14, 578-582 (2018)
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Thank you!




(R)BM training Po(V.H) = Le—EBana(V.H)
. ! Z -

« First attempt: Maximal Likelihood (ML)

. " : ; \ FPaatalV
5 Puasa(V)108 By (Wb IR0V o )R 0V FOR btadp ) o (Tt

all v vedata all v all v all v

= Better solution: Contrastive Divergence (CD)

K L(Pgatal|Po) — KL(P,||Ps)




Effective hamiltonian

K[X] = Kol X] + K1 [X] KolX] = Ku[V)] o
Tt i=1 ¢l
Zo=Y M =Tz, 2Z,=D M © 0
X 1=1 V o II} O Ii}
aasis T ® m
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Multiple RG steps
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MI - Training
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The MI “thermometer”
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Critical exponent
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Convergence e 7
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2D Toy model

Kyre=01A=D5H
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1D Toy model with PBC
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